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We study linearized perturbations of eleven-dimensional OSp(32|1) Chern-Simons supergravity.
The action contains a term that changes the value of the cosmological constant, as considered by
Horava. It is shown that the spectrum contains a 3-form and a 6-form whose field strengths are dual
to each other, thus providing a link with the eleven-dimensional supergravity of Cremmer, Julia and
Scherk. The linearized equations for the graviton and Rarita-Schwinger field are shown to be the
standard ones as well.
Eleven-dimensional supergravity [1] has become widely
accepted as one of the key stones towards the Theory of
Everthing. This theory represents the low energy regime
of M-theory which contains, in varius limits, all string
theories. Moreover, after compactification, string the-
ory is expected to contain a phenomenologically correct
model of our Universe. (See [2] for a complete list of
references and reprinted papers on this subject.)
It has been known for a long time that the underly-
ing symmetry group of eleven-dimensional supergravity
should be the ortosymplectic group OSp(32|1). This was
already conjectured in the original paper by Cremer,Julia
and Scherk [1], and it has recently become important
in the context of the M- theory supersymmetry algebra
[3, 4],
{Q, Q¯} = γaPa + γ
abZab + γ
a1...a5Za1...a5. (1)
Zab and Za1...a5 are central charges corresponding to the
two types of extended objects, M2 and M5, that couple
to the three form. However, the action constructed in
[1, 5] is not invariant under OSp(32|1), at least not in
any obvious way. See [6, 7, 8] for discussions on eleven
dimensional supergravity and OSp(32|1), and [9, 10, 11,
12] for other related aspects.
There exists another supergravity theory in eleven
dimensions constructed as a Chern-Simons density for
OSp(32|1) [13, 14]. This action, which is a direct gener-
alization of the well-known three-dimensional case [15],
is explicitly invariant under this supergroup. The equa-
tions of motion are however more complicated and there
are no known solutions other than some simple examples
with spherical symmetry [16].
It is desirable to have a relation between these two
theories specially given the key role played by standard
supergravity in string and M-theory. Horava [9] has con-
jectured that this relation exists (see also [13]). In par-
ticular, it is claimed in that reference that the three-form
of Cremmer, Julia and Scherk should be contained in the
OSp(32|1) field.
It is the goal of this paper to put this conjecture on
a more firm ground. We shall prove that the equations
considered by Horava do indeed contain a three-form sat-
isfying the correct equations, at least at the linearized
level. It will also follow from the analysis that the gravi-
ton and Rarita-Schwinger fields satisfy the correct linear
equations.
The main input in the Chern-Simons construction is
the OSp(32|1) gauge field carrying one field for each gen-
erator in (1)
W =
1
2l
eaγa +
1
4
wabγab +
1
5!
Aa1...a5γa1...a5 + ψQ¯ (2)
with a natural identification of ea as the vielbein, and
wab as the spin connection. The constant l is the AdS
scale. In what follows we set the fermions equal to zero.
Comparing (1) and (2) we are led to identify the ‘elec-
tric’ charge Zab with the spin connection (more precisely
the torsion T a = Dea) and the ‘magnetic’ charge Za1...a5
with Aa1...a5. In fact, let A[3] and A[6] be the totally
antisymmetric parts of T a and Aa1...a5 ,
A[3] =
1
3
Ta∧e
a, (3)
A[6] =
1
6!
Aa1...a5∧e
a1
∧...∧ea5 . (4)
We shall prove that the linearized equations following
from a Chern-Simons theory, yield the expected duality
relation,
dA[3] = α
∗dA[6] (5)
where α = 1/50. See [10, 11] for some recent work on
a ‘duality-symmetric’ formulation of eleven dimensional
supergravity. (An interacting supergravity theory con-
taining only A[6] does not seem to exist [7].)
Let Rˆ = dW + WW , the Chern-Simons Lagrangian
LCS is defined as TrRˆ
6 = dLCS . The explicit expression
for LCS can be found in [17] and the corresponding for-
mula for OSp(32|1) in [13]. The Chern-Simons action in
eleven dimensions is
ICS = k
∫
M11
LCS . (6)
A quantization condition for k has been discussed in [18].
The equations of motion following from (6) are
Rˆ5 = 0. (7)
2The curvature Rˆ = dW +W∧W expanded in the basis
{γa, γab, γa1...a5} is
Rˆ =
1
2l
T aγa +
1
4
R¯abγab +
1
5!
F¯ a1...a5γa1...a5 (8)
where T a is the torsion, R¯ab = Rab + ea∧eb/l2 and
F¯ a1...a5 = DAa1...a5 +
1
5! l
ǫa1...a5
b1...b6
eb1∧Ab2...b6. (9)
Here we have kept only linear terms in Aa1...a5. Rab and
D are the Lorentz curvature and covariant derivative.
If the Lie algebra is taken as SO(10, 2) ⊂ Sp(32)
(Aa1...a5 = 0), then (6) represents a pure theory of grav-
ity in eleven dimensions of the Lovelock type [19], with
all coefficients fixed in a particular way [16, 20].
Despite the formal similarities of this construction with
the three-dimensional case [15], there are important dif-
ferences. First, the theory following from (6) has non-
trivial dynamics with a non-zero number of degrees of
freedom [21]. In fact, contrary to the three-dimensional
case, propagating solutions are expected to exist al-
though, to our knowledge, have not been found so far (the
analysis of [21] is restricted to the counting of indepen-
dent initial conditions per spacetime point; no explicit
solutions are displayed). Second, the action (6) is not
equivalent to the Einstein-Hilbert action in eleven dimen-
sions. As mentioned before, writting (6) as a function of
the spacetime curvature one obtains a Lovelock-type [19]
action containing higher powers of the curvature tensor.
Equations (7) have a large group of symmetries
Sp(32)×diffs. The maximally symmetric background
Rˆ = 0 (AdS space) is however degenerate and no lin-
ear theory exists around it. Perturbations with spherical
symmetry, for example, do not decay as δg00 ∼ 2M/r
8
[16]. This problem can be corrected if one breaks part
of the gauge symmetry. We shall do this by adding to
the action a cosmological term which preserves Lorentz
and diffeomorphism invariance. This simple modifica-
tion produces asymptotically Schwarzschild spacetimes
[22, 23, 24], and we show in this paper that an interest-
ing linear theory exists around the new AdS background.
Interestingly, a similar modification was considered in [9]
in an attempt to relate Chern-Simons and standard su-
pergravities. Further implications of this term will be
discussed in the conclusions.
We consider the deformed Chern-Simons action
Iτ = ICS −
k τ5
l11
∫
Tr ea1∧ · · · ∧ea11γa1...a11 (10)
where τ is a dimensionless number parametrizing the de-
formation. The new piece is of course equivalent to a
cosmological term. The equations of motion following
from Iτ are
Rˆ5 −
τ5
l10
ea1∧ · · · ∧ea10γa1...a10 = 0. (11)
The new background is then
R¯ab =
4τ
l2
ea∧eb, Aa1...a5 = T a = 0 (12)
and represents a space of constant curvature with a mod-
ified cosmological constant
Λ =
−1 + 4τ
l2
.
In view of the theorem proved in [25], we expect to
make contact with standard supergravity only in the
limit Λ = 0. In fact, we shall see that, for any value
of τ , the scale l induces a mass term m = 1/l on the
3-form A[3] (see below). For this reason, in what follows
we shall consider the l→∞ limit.
The linearized perturbations on ea and ψ around the
new background (12) have no surprises, so we only quote
the result. Let T a = Aa1...a5 = 0 and we perturb the
vielbein as ea + δea where ea is the solution of (12). Eq.
(11) becomes (in the large l limit)
ǫa1...a11δR
a1a2
∧ea3∧ · · · ∧ea10 = 0 (13)
which is the linearized Einstein equation in eleven dimen-
sions. On the other hand, the linearized Chern-Simons
fermion equation is [13]
R¯a1a2∧ · · · ∧R¯a7a8γa1...a8Dψ = 0. (14)
On the original background R¯ab = 0 this equation is triv-
ial. On the new background (12) we find the standard
Rarita-Schwinger equation τ4ea1∧ · · · ∧ea8γa1...a8Dψ = 0
in eleven dimensions. (In the finite l case (13) has a cos-
mological term, and (14) a mass term.)
The linearized equations for Aa1...a5 and T a can be
computed as follows. The curvature Rˆ expanded to first
order in Aa1...a5 and T a is Rˆ = (τ/l2)ea∧ebγab+H where
H =
1
2l
T aγa +
1
4
Dκabγab +
1
5!
F¯ a1...a5γa1...a5. (15)
Here we have split the spin connection as wab = wab(e)+
κab where wab(e) is the torsionless part. κab is related
to the torsion as T a = κa
b
∧eb. The equations of motion
(11), keeping only linear terms in H , can be written in
the convenient form [34]
ea1∧ · · · ∧ea8∧{{{H, γa1a2}, γa3a4a5a6}, γa7a8}+
ea1∧ · · · ∧ea8∧{H, γa1...a8} = 0.
Inserting H and computing the anti-commutators [26]
one finds an equation of the form εaγa + ε
abγab +
εa1...a5γa1...a5 = 0 where ε
a = 0, εab = 0 and εa1...a5 = 0
are, respectively,
ǫa1...a11e
a1
∧ · · · ∧ea8∧Dκa9a10 = 0
ǫa1...a11e
a1
∧ · · · ∧ea6∧(ea7∧ea8∧T a9 − 2lF¯ a7a8a9) = 0
e[a1∧ · · · ∧ea4∧F¯ a5] +
50
7
ǫa1...a11ea6 · · · ∧ea11dA[3] = 0
3Here we have defined F¯ a = F¯ aa1...a4∧e
a1 · · · ∧ea4 and
F¯ abc = F¯ abca1a2∧e
a1
∧ea2
Eliminating the tangent indices, the above equations
can be written in a more useful form
d∗A[3] = 0 (16)
7
3l
A[3] =
∗dA[7] (17)
dA[6] +
1
l
A[7] = 50
∗dA[3] (18)
with [35]
A[7] =
1
6! 5!
ǫa1...a11A
a1...a5
∧ea6∧ · · · ∧ea11 (19)
Eq. (16) is a Lorentz gauge condition for A[3]. The
field A[7] can be solved from (18) and replacing in (17)
we find that A[3] has a mass proportional to 1/l,
∗d∗dA[3] =
7
150 l2
A[3]. (20)
In the limit l→∞ this mass term disappears, we recover
the usual dynamics for the three-form and (18) becomes
the duality relation (5).
The appearance of a Lorentz gauge condition was
somehow expected. The group of symmetries of the ac-
tion, Lorentz × diff., does not act on A[3] = (1/3)Ta∧e
a
as a gauge transformation. Hence, the description is not
gauge invariant [36].
OSp(32|1) Chern-Simons theory is then a topologi-
cal (metric-independent) and gauge invariant field the-
ory whose linear spectrum (perturbations around a de-
formed maximally symmetric background) contains lin-
earized eleven-dimensional supergravity. Since eleven-
dimensional supergravity is itself the low energy regime
of M-theory, it is tempting to conjecture (see also [9, 13])
a direct relation between Chern-Simons supergravity and
M-theory. To make this relation precise the inclusion of
interactions (higher order terms) is however necessary.
We expect to come back to this problem elsewhere.
It is perhaps not too surprising that in order to find a
well-defined and interesting linear theory we had to break
the Chern-Simons symmetry. In field theory often the in-
teresting physics arises in broken phases for which some
fields take non-zero expectation values. It would be ex-
tremely interesting to find an exact solution inducing the
symmetry breaking term in a spontaneous way. Alterna-
tively, one can understand this term via the coupling of
Wilson lines, as in [9].
It is also interesting to note that the symmetry break-
ing term only affects the asymptotic behavior of the met-
ric [24]. Near the singularity, the physics is controlled
by the exact Chern-Simons theory which, in particular,
leads to a milder singularity [16].
The results presented here hold also in five dimensions.
The actions of 5d supergravity [30, 31] and 5d Chern-
Simons supergravity [20] are not equivalent. It can be
shown [24] that deforming the Chern-Simons action by
the addition of a cosmological term, its linearized spec-
trum coincides with standard supergravity. One can also
go to second order and see the Abelian Chern-Simons in-
teraction, as well as the back reaction from the gauge
field. The equations of motion of a spherically sym-
metric ansatz can be solved and the solution coincides,
asymptotically, with the usual five-dimensional Reissner-
Nordstrom solution [24].
Finally, some open problems that we have left for fu-
ture work are the expansion to second order (see [24]
for the five-dimensional case), existence of other back-
grounds, like the M2/M5 solutions, and existence of du-
alities via dimensional reduction [32, 33]. If these exist,
then perhaps Chern-Simons supergravity may become as
relevant as standard supergravity. It would be interest-
ing to study the strong regime of this theory where the
non-linear terms become important (and the symmetry
is restored) and see their effect on various singularities.
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